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P a s t  a t t empts  to r e p r e s e n t  the  semi-annua l  densi ty  va r i a t i on  i n  the 

he t e ro sphe re  a s  a consequence of t e m p e r a t u r e  va r ia t ion  have run  into diffi- 

cu l t i e s  in  two height reg ions :  below 200 k m  and above 1000 km.  The  ma in  

a rgumen t  in  favor  of the t e m p e r a t u r e  va r ia t ions  was  the dependence of t h e i r  

ampl i tude on the s o l a r  cyc le ;  i t  c a n  be  shown, however ,  that  th is  dependence 

i s  spur ious ,  being caused by the var ia t ion  of the  densi ty  change d p / d T  with 

the  t e m p e r a t u r e  T .  An ana lys i s  of the semi-annua l  dens i ty  va r ia t ions  a t  

d i f ferent  height levels  fa i l s  to show a dependence on the ampl i tude with the  

sunspot  cycle. Al l  diff icult ies a r e  removed  if we a s s u m e  tha t  the  s emi -  

annual  densi ty  va r ia t ion  is not a d i r e c t  consequence of t e m p e r a t u r e  var ia t ions .  

My 1965 s t a t i c  mode ls  of the he t e ro sphe re  [ ~ a c c h i a ,  1965, he r ea f t e r  

r e f e r r e d  to a s  5651 contained emp i r i c a l  equations to  r e p r e s e n t  the di f ferent  

types  of densi ty  va r ia t ion  that  a r e  encountered i n  that  region.  In a l l  t h e se  

equations the exospher ic  t e m p e r a t u r e  was re la ted  to  p a r a m e t e r s  known f r o m  

g round-based observa t ions ,  such  a s  the dec ime t r i c  s o l a r  flux, the p lane ta ry  

geomagnet ic  index, loca l  s o l a r  t ime ,  lat i tude,  e tc .  On the  whole these  equa-  

t ions w e r e  r a t h e r  success fu l  i n  accounting f o r  the observed  var ia t ions  and 

w e r e  widely used by  r e s e a r c h e r s  t ry ing to  i n t e r compare  observa t ions  made  

a t  d i f ferent  t imes ,  p laces ,  and heights .  

 his work was  suppor ted i n  p a r t  by Gran t  NGR 09-015-002 f r o m  the National 

Aeronau t ics  and Space Adminis t ra t ion ,  



While i t  s e emed  quite logical  to use  t e m p e r a t u r e  va r ia t ions  a s  the ba s i s  

f o r  the  d iu rna l  densi.ty va r ia t ions  and of those  that  accompany s o l a r  and geo- 

magnet ic  act ivi ty,  it  was  l e s s  evident  tha t the  sarrie siiould be done f o r  the 

semi  -annual  var ia t ion,  whose na tu r e  was  l a rge ly  unknowx~.  I t  s eerrted to 

work ,  however ,  a t  l e a s t  in  the reg ion  between 250 and 600 k m ,  which a t  that  

t i m e  was  covered  by s a t e l l i t e -d r ag  da ta ,  Difficult ies,  however ,  soon  became  

apparen t .  Cook and Scott  [1966] and Cook [1967 ,19694  found that  n e a r  sun -  

spo t  m i n i m u m  the  ampl i tude of the  semi-annua l  densi ty  va r ia t ion  a t  1100 k m  

de r ived  f r o m  the d r a g  of the Echo 2 and the  Ca l sphe re  sa te l l i t e s  was  much  

l a r g e r  than that  predic ted on  the b a s i s  of the  565 fo rmula .  A t  that  height, 

accord ing  to  the mode ls ,  i n  1964-1965 any t e m p e r a t u r e  va r ia t ion  would have 

r e su l t ed  in  ex t r eme ly  s m a l l  densi ty  va r ia t ions ,  because  of the n e a r  -balance 

of the  he l i um var ia t ions  i n  phase  wi th  the t e m p e r a t u r e  and the  hydrogen 

var ia t ions  i n  ant iphase .  At  the  t i m e  when the var ia t ion  should have been  not 

l a r g e r  than 67&, the observed  var ia t ions  reached a f ac to r  of 2. A f t e r  1966, 

when s o l a r  ac t iv i ty  r o s e  toward i t s  maximum,  the  d i sc repancy  became  s m a l l e r  

and a lmos t  d i sappeared .  

Another  d i sc repancy  became  evident  f o r  heights below 200 km,  wi th  the 

launching of longer- l ived s a t e l l i t e s  with low per igee  heights.  Also  h e r e ,  a t  

heights of 150 to  200 km,  the  obse rved  var ia t ion  was  l a r g e r  than tha t  p r e -  

d ic ted by J65 [ ~ i n g - ~ e l e  and Hingston, 1967, 1968; King-Hele, 1967; King- 

He le  and Walker ,  19701. In i t ia l ly  we a t t r ibuted this  d i s c r epancy  to the  fac t  

that  i n  the J65 mode ls  constant  boundary conditions w e r e  a s sumed  a t  120 km,  

whe re  f a i r l y  l a rge  densi ty  va r ia t ions  with t e m p e r a t u r e  ac tual ly  occu r :  the 

reasoning was  that ,  approaching 120 km,  the computed densi ty  va r ia t ions  

should have proved too sma l l .  My m o r e  recen t  models ,  however [ J acch i a ,  

1970, 19711, i n  which the constant  boundary conditions w e r e  moved t o  90 km, 

p roved  a l s o  inadequate to r e p r e s e n t  the observed  s e m i  -annual  dens i ty  v a r i a  - 
t ion in  the  150- t o  180-km region.  Cook [l969b] actually found that  t h e  s e m i -  

annual  va r ia t ion ,  s t i l l  in  phase  wi th  that  in  the t he rmosphe re  and exosphere ,  

c an  be d i s ce rned  even a t  90 km,  which i s  a near - i sopycn ic  l eve l  a t  which a l l  

o the r  dens i ty  va r ia t ions  nea r l y  van i sh  [ ~ r o v e s ,  19701. The range i n  densi ty  

found by Cook a t  90 km amounts  to about 3070, but a reana lys i s  of his data  by 



thrs w r l t e r ,  e l l n r ~ l ~ ~ a t l n g  h rgh - l a t~ tude  m e a s u r e m e n t s ,  w h ~ c h  a r e  affected b y  

annual  ( seasona l )  v a r ~ a t l o n s ,  r educes  the range to 15%, w h ~ c h  IS still a 

r e ?pec t ab l e  amcuc t ,  

Decreas ing  the  amount of hydrogen in  the a tmosphe re  would i n c r e a s e  the 

computed ampl i tudes  a t  1100 km, but then the computed to ta l  dens i ty  i s  too 

low a t  sunspot  min imum.  Bes ides ,  hydrogen dens i t i e s  f r o m  B a l m e r  a 

observa t ions  [Tins ley,  19701 would indicate  a l a r g e r ,  not a s m a l l e r ,  hydrogen 

concentra t ion.  Also,  any t amper ing  with the  hydrogen concentra t ion i n  the  

mode ls  would not c u r e  the  d i s c r epanc i e s  observed  a t  heights below 200 km. 

An obvious way out of a l l  t h e se  diff icult ies is to a s s u m e  that  the  s e m i -  

annual  dens i ty  va r ia t ions  a r e  not c aused  by  t e m p e r a t u r e  va r ia t ions .  The 

m a i n  r e a s o n  f o r  clinging to a mode l  ba sed  on t e m p e r a t u r e  va r ia t ions  was  the 

appa ren t  dependence of the ampl i tude of the  d iu rna l  va r ia t ion  on s o l a r  act ivi ty.  

A s  i t  t u rn s  out, however ,  th is  i s  r e a l l y  a buil t- in var ia t ion,  because  a t  any 

given height  i n  the  he t e ro sphe re  the  change of densi ty  with t e m p e r a t u r e  d p / d T  

i s  s t rong ly  dependent on the t e m p e r a t u r e  T i t se l f .  The re fo r e ,  even a dens i ty  

va r ia t ion  with constant  ampl i tude throughout the s o l a r  cyc le ,  if  i n t e rp r e t ed  

a s  a t h e r m a l  var ia t ion,  would yield a t e m p e r a t u r e  ampl i tude dependent on the 

phase  of the s o l a r  cycle .  Reanalyzing the densi ty  va r ia t ions  obtained f r o m  

the o rb i t a l  d r a g  of s i x  sa te l l i t e s  i n  the  i n t e rva l  1958-1970 we find that  th i s  is 

p r ec i s e ly  the  c a s e .  

The  s e m i  - annual  dens i ty  va r ia t ion  i s  cha r ac t e r i z ed  by the following 

m a x i m a  and min ima :  

1 . A seconda ry  min imum in  mid -  January .  

2 .  A seconda ry  max imum i n  e a r l y  Apr i l .  

3 .  A p r i m a r y  min imum i n  l a t e  July.  

4. A p r i m a r y  m a x i m u m  in  l a te  October .  

F igu re  1 shows the semi-annua l  densi ty  va r ia t ion  der ived  f r o m  the d r a g  

of the  Exp lo r e r  32  sa te l l i t e ;  i t  was  obtained by suppress ing  a l l  o the r  known 

var ia t ions  by m e a n s  of the emp i r i c a l  equations of the 1971 models  [ J a c c h A ,  

l9711  and taking I 0  -day means  of the r e s idua l s .  



111 Figu re  2 we have plotted, f o r  s i x  sa te l l i te  s with per igee  heights  between 

250  and 1100 km, the di f ference i n  the logar i thm of the densi ty  between two 

succe s s ive  ex t re rnes  of the densi ty  cu rve :  i - 2  denotes  the i n c r e a s e  i n  densi ty  

between the min imum m a r k e d  1 ( January)  and the inax imum rnarlced 2 ( A p r i l ) ;  

2 - 3  denotes  the d e c r e a s e  in densi ty  between 2 and 3 (Apr i l  m a x i m u m  and July 

min imum) ,  e tc .  The  di f ferences  w e r e  r ead  off a smooth  cu rve  d r awn  through 

points represen t ing  10-day means  of observed  dens i t i e s  in  which a l l  o the r  

densi ty  va r ia t ions  (diurnal ,  s o l a r  act ivi ty,  e tc .  ) had been supp re s sed  using 

the  equations of the  571 model .  The  quanti ty 7Z given f o r  e ach  sa te l l i t e  i s  the 

effective height  to which the da ta  r e f e r  - i. e . ,  the  weighted m e a n  of the  

heights along the sa te l l i t e  o rb i t ,  i n  which the d r a g  is taken a s  the weight;  f o r  
- 

s a t e l l i t e s  of mode ra t e  eccentr ic i ty ,  z l i e s  about half a density-  s ca l e  height  

above the per igee  height. 

An  inspect ion of F i g u r e s  1 and 2 shows that: 

a )  The  a l t e rna t ion  of p r i m a r y  and s econda ry  min ima  and m a x i m a  i s  a 

qui te  r egu l a r  f e a t u r e ;  

b)  The  ampl i tude undergoes  i r r e g u l a r  va r ia t ions  f r o m  y e a r  to y e a r  that  

c a n  be recognized i n  the plots f o r  n e a r l y  a l l  sa te l l i t e s  ( such  a s  the i n c r e a s e  

i n  ampl i tude f r o m  1965-1966 to  1967-1968 and the subsequent d e c r e a s e  i n  

1969) ;  

c )  T h e r e  is no  c l ea r - cu t  indication of a dependence of the ampl i tude  on 

the  s o l a r  cycle .  

Ave rages  f o r  e a c h  sa te l l i te  of the  da ta  plotted in F i g u r e  2 a r e  p r e sen t ed  

i n  Table  1.  F r o m  the di f ferences  between succe s s ive  e x t r e m e s  we have 

computed a v e r a g e  ordinates  f o r  the individual  m a x i m a  and min ima ,  normal iz ing  

the  m a x i m u m  ampli tude A (the di f ference between e x t r e m e s  3 and 4, i .  e .  , 

the p r i m a r y  min imum in  July and the p r i m a r y  m a x i m u m  in  October )  to  unity. 

T h e s e  data ,  with the m e a n  values  f r o m  a l l  sa te l l i t e s  together  and the  ave r age  

da t e s  of the e x t r e m e s ,  a r e  given i n  Table  2. A smooth  cu rve  with the  da tes  

and normal ized  o rd ina tes  given a t  the bot tom of Table  2 i s  shown in  F i g u r e  3. 

Both the re la t ive  ordinates  and the  da t e s  of the max ima  and minima a r e  very 

s r i m ~ l a r  to those  found In a previous a n a l y s ~ s  based  on t empe ra tu r e s  [ J a c c l u ~  

e t  a l .  , 19691. 



In F ~ g v r e  4 w e  have plotted the m e a n  arnpl~tude A agalnst the belght Z. 

T o  the data an the last column of Table 2 w e  have added two poants: 

The f i r s t  c o m e s  f r o m  the reana lys i s  of Cook ' s  [1969b] - data  that  we 

mentioned e a r l i e r ,  and the second f r o m  the pape r  by King-Hele and Walker  

[1970] on sa te l l i t e  1967 -31A. I n  the l a t t e r  c a s e  we reduced the o r ig ina l  

value  0. 12  obse rved  i n  1968-1969 to 0.11 to  al low f o r  the  l a r g e r  ampl i tude 

of the  semi-annua l  va r ia t ion  during that  t i m e  in te rva l .  Although i t  migh t  

have been  expected that  A might  depend on the densi ty  p r a t h e r  than on  height ,  

we f ind that  the re la t ion  between A and p i s  p o o r e r  than that  between A and z .  

Up to 700 to 800 k m  the  ampli tude A genera l ly  i n c r e a s e s  a s  p d e c r e a s e s .  

Since  a t  sunspot  m i n i m u m  p is cons iderab ly  s m a l l e r  than a t  sunspot  max imum,  

we should obse rve  an  i n c r e a s e  in  A when s o l a r  act ivi ty is lower ,  i f  t h e r e  is 

a unique re la t ion  between A and p .  A look a t  F ig .  2 shows that  this  does  not 

happen: in 1963- 1965 A was,  if anything, a l i t t le  s m a l l e r  than  the  average .  

In  F i g u r e  4 we have drawn a smooth cu rve  through the plotted points. 

Calling the re la t ion  r ep re sen t ed  by th is  cu rve  A = f ( z )  and call ing f ( t )  the  

curve  of F i g u r e  3, we can  r e p r e s e n t  the semi-annua l  va r ia t ion  a s  

logl  o P s e m i  -annual  
= f ( z )  f ( t )  . 

Analyt ica l  exp re s s ions  f o r  f ( z )  and f ( t )  have been  der ived  and a r e  given 

below: 

-7  2 '  331 t 0.06328)  exp ( -2 .868  x z )  ( z  in  krn) f ( z ) = ( 5 . 8 7 6 ~ 1 0  z 

f ( t )  = 0.02835 + 0. 3817 [1 t 0.4671 s i n  (2n-r t 4.137)] s i n  (4n-r + 4. 259) 

whe re  

(TI  1 . 
11.650 

T = @ t 0 .  09544/LZ t 2 s i n  (2n@ t 6 . 0 3 5 ) j  -- - 
2, 



@ is the phase of the semi-annua l  var ia t ion,  i .  e. , approximately ,  the number  

of days  e lapsed s ince  J anua ry  1 ,  divided by the dura t ion  of the t rop ica l  y e a r  

i n  days. A m o r e  r i g o r ~ u s  expres  sioi?, be t t e r  suitesf f o r  corilputer pu rpose s ,  

i s  

whe re  t i s  t i m e  e x p r e s s e d  i n  Modified Jul ian  Days (MJD = Julian Day minus  

2 400 000.5) .  MJD 36204 co r r e sponds  to J a n u a r y  1, 1958. 

The  absolute  t e r m  (0.02835) in  the exp re s s ion  f o r  f ( t )  has  the purpose  of 

making b ( t )  d t  = 0 ove r  one cycle  of the var ia t ion.  

Of the s e v e r a l  hypotheses that  have been put f o r w a r d  to explain the  s e m i -  

annual  densi ty  va r ia t ion  perhaps  the m o s t  appealing was  the one based  on the 

change of shape  of the magne tosphere  with the  change of inclination of the  

e a r t h ' s  magnet ic  dipole with r e spec t  to  the d i rec t ion  of the s o l a r  wind dur ing  

the y e a r  - a modern ized  ve r s i on  of the o r ig ina l  explanations of B a r t e l s  119281 

and McIntosh [1959] to  explain the semi-annua l  va r ia t ion  of the geomagnet ic  

indexes  [ fo r  m o r e  deta i ls ,  s e e  the review by Jacch ia ,  19641. This  mode l  

would have a l s o  been  ab le  to  explain the 12 - and 24 -hour  densi ty  osci l la t ions  

observed  by Jacobs  [1967] i n  the d r a g  of low-per igee  A i r  F o r c e  s a t e l l i t e s  

and l a t e r  conf i rmed  by the  ana lys i s  of the mot ion of o ther  sa te l l i t e s  in  the  

s a m e  s e r i e s .  The  o r ig ina l  in te rp re ta t ion  of Jacobs ,  that  the va r ia t ion  was  

caused  by a t h e r m a l  densi ty  bulge above the geomagnet ic  poles cannot b e  

suppor ted,  because  no i n c r e a s e  i n  densi ty  i s  observed  i n  the d r a g  of o the r  

sa te l l i t e s  i n  polar  o rb i t  when t he i r  pe r igees  c r o s s  high-lat i tude regions  

[ ~ a c c h i a ,  19681: t o  explain the observed  effect  the dens i ty  bulge should be  

ex t r eme ly  pronounced and could not have escaped  detection.  McIntosh [1959] 

c o r r e c t l y  pointed out that  a n  in te rac t ion  between a s o l a r  co rpuscu l a r  s t r e a m  

and the geomagnet ic  f ield would c a u s e  both a semi-annua l  and a s e m i - d i u r n a l  

va r ia t ion  i n  the l a t t e r .  I t  would s e e m ,  t he r e fo r e ,  that  an  explanation of the 

serni -annual  dens i ty  va r ia t ion  based  on this  in te rac t ion  could account f o r  the  

osci l la t ions  observed  by Jacobs ,  The  d i ~ s o c i a ~ t i o n  of the semi-annua l  dens i ty  

var ia t ion f r o m  the s o l a r  cycle ,  a s  shown i n  th is  paper ,  would tend to m a k e  



s u c h  an explanatzon less Irkely, but perhaps not all 1s lost, It 1s true that 

tlie r n t e n s ~ t y  of the solar wrnd chdr~ges w ~ t h  the solar cycle, hut inaybe s u c h  

a change :s only weakly reilected In a dlfferentlal efiect such as the 

~ r r  . ; h a p  of the magnetosphere r n  the course of the year, 

The purpose of th is  paper  i s  to show that  the semi-annua l  var ia t ion c a n  

be represen ted  a s  a pure  density var ia t ion  whose ampli tude i s  a function of 

height. Obviously s o m e  t empera tu r e  var ia t ion m u s t  accompany any densi ty  

var ia t ion,  but i n  th is  c a s e  the t empe ra tu r e  var ia t ion  i s  c l ea r ly  s m a l l  and 

cannot be evaluated unti l  a t r u ly  dynamic model  of the semi-annua l  var ia t ion  

i s  devised.  
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?'ARI,E 1 ,  A v c r a g e  differences In log p hetween s u c c e s s r v e  exlrerne@ 

of the semi-annual osci l la t ion 

- A log .  p 
Z - ro------ 

Satellite ( k m )  1 - 2  2 - 3  3 -4 4 -1  

1962  P T ~  270 t o .  077 -0 .  133  t o .  149  - 0 . 0 9 3  

1964-44A 29 2  t o .  096  - 0 . 1 5 6  t o .  190 -0 .130  

1958 a 37 0  t o .  1 2 2  -0 .190  + O .  209 -0.  141 

1960 61 4 5 5  t o .  147  - 0 . 1 9 3  t o .  245 -0 .199  

1959 a 1  595  t o .  1 6 4  -0 .  292 t o .  341 -0.  213 

1964-4A 1130 t o .  196  - 0 . 3 0 0  t o .  281 - 0 . 1 7 7  



'I'ABLE 2. iblorrmalrzeci a v e r a g e  ordinatees oC the extre,-rii.s r r i  the .;c?rr \r  r tn f i l ia l  

derz.;lty oscrllatron and m e a n  value A of the July - t  o -0ccober : ,irige A 

-.- 

z n A 
S a  tellit:: (ii;rri) 1 2 3 4 ( y e a r s ]  ((3 log, 11) 

: 0 

Weighted mean  - 0 . 1 8  t 0 . 3 8  -0 .50  t 0 . 5 0  

Mean date  J a n . 1 8  A p r . 5  July27 Oct .25  


